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DEGENERATIONS TO FILIFORM LIE ALGEBRAS OF
DIMENSION 9
JOAN FELIPE HERRERA-GRANADA, OSCAR MARQUEZ, AND SONIA VERA
Abstract. For most complex 9-dimensional filiform Lie algebra we find
another non isomorphic Lie algebra that degenerates to it. Since this is
already known for nilpotent Lie algebras of rank ≥ 1, only the charac-
teristically nilpotent ones should be considered.
1. Introduction
In this paper we work with complex 9-dimensional filiform Lie algebras.
For most cases we show that filiform Lie algebras are degenerations of an-
other non isomorphic Lie algebra. This adds more evidence supporting the
Grunewald-O’Halloran conjecture, which states that every nilpotent Lie al-
gebra is the degeneration of another non isomorphic Lie algebra. This con-
jecture is stronger than Vergne’s conjecture which states that there are no
rigid nilpotent Lie algebras in the variety of all Lie algebras.
In [4] was proved that all nilpotent Lie algebras of rank ≥ 1 are the
degeneration of another non isomorphic Lie algebra, remaining open the
Grunewald-O’Halloran conjecture for characteristically nilpotent Lie alge-
bras.
We now consider the filiform Lie algebras of dimension 9, which have been
classified in [1]. According to this classification, there are twenty one families
parametrized by one or two complex parameters and seven isolate filiform
algebras all of which are characteristically nilpotent. For all these families
except one and five more particular cases, we construct following [2], a non
trivial linear deformation that corresponds to a degeneration. We note that
it is not known which ones of the linear deformations constructed in [2] does
correspond to a degeneration and which ones does not.
Degeneration is transitive and through degeneration the nilpotency de-
gree does not grow. Hence, the nilpotent Lie algebras of maximal nilpotency
index, called filiforms, are on the top in the diagram of degenerations. Fil-
iforms Lie algebras may degenerate to any other nilpotent Lie algebra, but
only a filiform may degenerate to a given filiform.
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2. Preliminaries
Let Ln be the algebraic variety of complex Lie algebras of dimension n,
together with the action of the group GLn = GLn(C) by ‘change of basis’,
and denote the orbit of µ in Ln by O(µ).
A Lie algebra µ degenerates to a Lie algebra λ, µ →deg λ, if λ ∈ O(µ),
the Zariski closure of O(µ).
A linear deformation of a Lie algebra µ is a family µt, t ∈ C
×, of Lie
algebras such that
µt = µ+ tφ,
where φ is a Lie algebra bracket which in addition is a 2-cocycle of µ.
If a linear deformation µt of µ is such that µt ∈ O(µ1) for all t ∈ C
×,
then µ1 →deg µ. In fact, for each t ∈ C
× there exist gt ∈ GLn such that
g−1t · µ1 = µt, then limt7→0 g
−1
t · µ1 = limt7→0 µt = µ. Then, in order to show
that µ1 →deg µ, we only need to prove that for each t ∈ C
× there exist
gt ∈ GLn such that
(2.1) µ1(gt(x), gt(y))) = gt(µt(x, y)), for all x, y ∈ C
n.
Let (g, µ) be a given Lie algebra of dimension n and let h be a codimension
1 ideal of g with a semisimple derivation D. For any element X of g outside
h, g = 〈X〉 ⊕ h. The bilinear form µD on g defined by µD(X, z) = D(z) and
µD(y, z) = 0, for y, z ∈ h, is a 2-cocycle for µ and a Lie bracket. Hence,
(2.2) µt = µ+ tµD,
is a linear deformation of µ. If g is nilpotent, then µt is always solvable but
not nilpotent. In particular, µt is not isomorphic to µ for all t ∈ C
×. The
construction described was given in [2].
3. 9-dimensional filiforms
Complex filiform Lie algebras of dimension 9 have been classified in [1].
This classification is presented as a list of 24 families index by one or two
parameter α ∈ C
µ1,α,β9 , µ
2,α
9 , µ
3,α
9 , µ
4,α,β
9 , µ
5,α
9 , µ
7,α
9 , µ
10,α,β
9 , µ
11,α,β
9 ,
µ12,α,β9 , µ
13,α
9 , µ
14,α
9 , µ
17,α,β
9 , µ
18,α,β
9 , µ
19,α
9 , µ
20,α,β
9 , µ
21,α
9 ,
µ22,α9 , µ
23,α
9 , µ
24,α
9 , µ
25,α
9 , µ
26,α,β
9 , µ
27,α
9 , µ
28,α
9 , µ
31,α
9 ,
and 14 isolated algebras
µ69, µ
8
9, µ
9
9, µ
15
9 , µ
16
9 , µ
29
9 , µ
30
9 ,
µ329 , µ
33
9 , µ
34
9 , µ
35
9 , µ
36
9 , µ
37
9 , µ
38
9 .
The following table shows those algebras with a semisimple derivation.
We keep the name and the bases from [1].
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µ D ∈ Der(µ) µ D ∈ Der(µ)
µ
3,α
9


1
2
3
4
5
6
7
8
9

 µ
9
9


1
2
3
4
5
6
7
8
9


µ16
9


1
2
3
4
5
6
7
8
9

 µ
22,α
9


1
3
4
5
6
7
8
9
10


µ
25,α
9


1
4
5
6
7
8
9
10
11

 µ
33
9


1
3
4
5
6
7
8
9
10


µ35
9


1
4
5
6
7
8
9
10
11

 µ
36
9


1
5
6
7
8
9
10
11
12


µ37
9


1
6
7
8
9
10
11
12
13

 µ
38
9


1
0
1
2
3
4
5
6
7


The remaining algebras do not have any semisimple derivation, they are
all characteristically nilpotent, that is, their derivation algebras are nilpotent
as Lie algebras. These are
(3.1)
µ1,α,β9 , µ
2,α
9 , µ
4,α,β
9 , µ
5,α
9 , µ
6
9, µ
7,α
9 , µ
8
9,
µ10,α,β9 , µ
11,α,β
9 , µ
12,α,β
9 , µ
13,α
9 , µ
14,α
9 , µ
15
9 , µ
17,α,β
9 ,
µ18,α,β9 , µ
19,α
9 , µ
20,α,β
9 , µ
21,α
9 , µ
23,α
9 , µ
24,α
9 , µ
26,α,β
9 ,
µ27,α9 , µ
28,α
9 , µ
29
9 , µ
30
9 , µ
31,α
9 , µ
32
9 , µ
34
9 .
4 JOAN FELIPE HERRERA-GRANADA, OSCAR MARQUEZ, AND SONIA VERA
4. Filiform Lie algebras of dimension 9
Let g be a filiform Lie algebra. Using the notation in the classification
given in [1] fix a basis B = {X1,X2, . . . ,X9} such that the structure constants
satisfies:
(4.1) [Xi,Xj ] =
∑
i+j≤l≤9
C li,jXl
In particular, for i = 1 we have [X1,Xj ] = Xj+1. Moreover, all the C
l
i,j
can be given in terms of the constant C9r,s in the following table:
C52,3 = C
9
2,7 + 3C
9
3,6 + 2C
9
4,5
C62,4 = C
9
2,7 + 3C
9
3,6 + 2C
9
4,5
C72,5 = C
9
2,7 + 2C
9
3,6 + C
9
4,5
C82,6 = C
9
2,7 + C
9
3,6
C73,4 = C
9
3,6 + C
9
4,5
C83,5 = C
9
3,6 + C
9
4,5
C62,3 = C
9
2,6 + 2C
9
3,5
C72,4 = C
9
2,6 + 2C
9
3,5
C82,5 = C
9
2,6 + C
9
3,5
C72,3 = C
9
2,5 + C
9
3,4
C82,4 = C
9
2,5 + C
9
3,4
C83,4 = C
9
3,5
C82,3 = C
9
2,4
In additional, from the Jacobi identity the coefficients also must satisfy
(4.2) − 3
(
C93,6
)2
+ 2C92,7 C
9
4,5 + C
9
3,6 C
9
4,5 + 2
(
C94,5
)2
= 0
For the sake of the completeness we give the explicit coefficients C9r,s in
the Appendix.
5. Degenerations to filiforms
We now show that for every complex filiform Lie algebra of dimension
9 there is another Lie algebra non isomorphic to it, actually solvable non
nilpotent, that degenerates to it. That solvable algebra is constructed as a
linear deformation of the original. This is the main result of this paper.
Theorem 5.1. Every 9-dimensional complex filiform Lie algebras non-isomorphic
to µ17,α,β9 with β 6= 0 or µ
1,−1,β
9 , µ
1,0,β
9 , µ
1,1,β
9 , µ
1,
1
2 ,β
9 is the degeneration of a
solvable Lie algebra.
Proof. The result was already established in [4] for nilpotent Lie algebras of
rank ≥ 1, that is, admitting a semisimple derivation. Hence, we only need
to consider the characteristically nilpotent ones, listed in (3.1).
For each filiform characteristically nilpotent Lie algebra g, let h1 and
h2 the Lie subalgebras with basis B1 = {X1,X3,X4, . . . ,X9} and B2 =
{X2,X3,X4, . . . ,X9} respectively. By (4.1) h1 and h2 are ideals of g. In
DEGENERATIONS TO FILIFORM LIE ALGEBRAS OF DIMENSION 9 5
order to find solutions of (2.1), we will consider two cases for h being one of
h1 or h2, then we will give D, and gt satisfying (2.1).
The proof will follow case b case from the next sections.

6. Case h = h1
Let h1 the Lie ideal with generated by B1 = {X1,X3,X4, . . . ,X9}. Sup-
pose that there exists a derivation D of h1 such that the transformation
matrix relative to the basis B1 is given by,
(6.1)
D =


d1 0 0 0 0 0 0 0
0 k d1 0 0 0 0 0 0
0 0 (k + 1)d1 0 0 0 0 0
0 −C52,3 0 (k + 2) d1 0 0 0 0
0 −C62,3 −C
5
2,3 0 (k + 3) d1 0 0 0
0 −C72,3 −C
6
2,3 −C
5
2,3 0 (k + 4)d1 0 0
0 −C82,3 −C
7
2,3 −C
6
2,3 −C
5
2,3 0 (k + 5)d1 0
0 −C92,3 −C
8
2,3 −C
7
2,3 −C
6
2,3 −C
5
2,3 0 (k + 6)d1


For some values k, d1. In this case, define the following the linear maps on
g with transformations matrix relative to the basis B:
T0 =


p0
0 t
0 0 pk0
0 p4,2 0 p
k+1
0
0 p5,2 p0 p4,2 0 p
k+2
0
0 p6,2 p0 p5,2 p
2
0 p4,2 0 p
k+3
0
0 p7,2 p0 p6,2 p
2
0 p5,2 t
2p0p4,2 0 p
k+4
0
0 p8,2 p0 p7,2 p
2
0 p6,2 p
3
0p5,2 t
3 p0 p4,2 0 p
k+5
0
0 p9,2 p0 p8,2 p
2
0 p7,2 p
3
0 p6,2 p
4
0p5,2 t
3 p20 p4,2 0 p
k+6
0


Also,
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T1 =


0
0 0
0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0 0 0
0 0 C73,4 0 0 0 0
0 0 C83,4 (C
7
3,4 + C
8
3,5)p0 0 0 0 0
0 0 C93,4 (C
8
3,4 + C
9
3,5)p0 (C
7
3,4 + C
8
3,5 + C
9
3,6)p
2
0 0 0 0 0


,
T2 =


0
0 0
0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 C83,5 0 0 0 0 0
0 0 C93,5 (C
8
3,5 + C
9
3,6)p0 0 0 0 0 0


,
T3 =


0
0 0
0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 C93,6 0 0 0 0 0 0


,
T4 =


0
0 0
p
−(k+1)
0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 C73,4 0 0
0 0 0 0 C83,4 (C
7
3,4 + C
8
3,5) p0 0 0
0 0 0 0 C93,4 (C
8
3,4 + C
9
3,5) p0
(
C73,4 + C
8
3,5 + C
9
3,6
)
p20 0 0


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Finally, let gt ∈ GL9 given by:
(6.2) gt = T0 +
t−pk−1
0
k−1
(
p4,2 T1 + p5,2 T2 + p6,2 T3 + p
k+1
0 T4
)
.
In the following sections, we split the Lie algebras g by the values ok k that
make D a derivation of h1. Then we give specific conditions on p0, pi,2 in
order to get g as a solution of (2.1).
6.1. If g ∈ {µ26,α,β9 , µ
27,α
9 , µ
28,α
9 , µ
29
9 , µ
30
9 , µ
31,α
9 , µ
32
9 , µ
34
9 } then D as in (6.1)
is a derivation with k = 2, d1 = 1. In this case taking p0 = t we have,
p4,2 = −
1
2
(p0 − 1) p
2
0C
9
2,7
p5,2 = −
1
3
(p0 − 1) p
3
0C
9
2,6
p6,2 =
1
8
(p0 − 1) p
3
0
(
p0
(
C92,7
)2
− 2p0C
9
2,5 −
(
C92,7
)2)
p7,2 =
1
30
(p0 − 1) p
4
0
(
−6p0C
9
2,4 + 5p0C
9
2,6C
9
2,7 − 5C
9
2,6C
9
2,7
)
p8,2 = −
1
144
(p0 − 1) p
4
0
(
3p20
(
C92,7
)3
− 6p0
(
C92,7
)3
− 18p20C
9
2,5C
9
2,7+
+18p0C
9
2,5C
9
2,7 − 8p
2
0
(
C92,6
)2
+ 8p0
(
C92,6
)2
+ 24p20C
9
2,3 + 3
(
C92,7
)3)
6.2. If g ∈ {µ13,α9 , µ
14,α
9 , µ
15
9 } then D as in (6.1) is a derivation with k =
3, d1 = 1. In this case taking p0 = t we have,
p4,2 = 0
p5,2 = −
1
3
(p0 − 1) p
4
0C
6
2,3
p6,2 = −
1
4
(p0 − 1) p
5
0C
9
2,5
p7,2 = −
1
5
(p0 − 1) p
6
0C
9
2,4
p8,2 =
1
36
(p0 − 1) p
6
0
(
2p0
(
C92,6
)2
− 2
(
C92,6
)2
+ 3C92,5
)
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6.3. If g ∈ {µ2,α9 , µ
5,α
9 } then D as in (6.1) is a derivation with k = 3, d1 =
C9
4,5C
5
2,3
C9
3,4
. In this case taking p0 = t we have,
p4,2 =
(1 − t)t3C93,4
2C94,5
p5,2 =
(1 − t)t4C62,3C
9
3,4
3C52,3C94,5
p6,2 =
(t− 1)t3
(
C93,4
)2
8C52,3
(
C94,5
)2 (t2C52,3 − tC52,3 − 2tC73,4 − C52,3 + C72,5 + C73,4)
p7,2 =
(t− 1)t3
(
C93,4
)2
30
(
C52,3
)2 (
C94,5
)2 (C52,3 ((5t3 − 5t2 − 2t− 3)C62,3 + 3C82,5)+
+tC62,3
(
3(t− 1)C73,4 + 2(1− 2t)C
8
3,5 + 2C
8
2,6
))
p8,2 =
1
(−1+t)C82,3
(
C93,4
(
t3p4,2 − p3,2p4,3
)
+ C93,5
(
t3p5,2 − p3,2p5,3
)
+ C93,6
(
t3p6,2 − p3,2p6,3
)
+
+tp4,3C
8
2,3 − tp4,3C
9
2,4 − tp5,3C
9
2,5 − tp6,3C
9
2,6 − t p7,3C
9
2,7 + C
5
2,3 (t (p7,3 − p9,5) + p9,5)
+C62,3 (t (p6,3 − p9,6) + p9,6) + C
7
2,3 (t (p5,3 − p9,7) + p9,7) + (p4,3p5,2 − p4,2p5,3)C
9
4,5+
−(t− 1)t9C92,3 − 6t d1,1p9,3
)
6.4. If g ∈ {µ17,α,09 , µ
21,α
9 } thenD as in (6.1) is a derivation with k = 4, d1 =
1. In this case taking p30 = t we have,
p4,2 = p7,1 = 0
p5,2 =
1
3
p30
(
p30 − 1
) (
−C92,6 − 2
)
p6,2 = −
1
4
p40
(
p30 − 1
)
C92,5
p8,2 =
1
18
p30
(
p30 − 1
) (
C92,6 + 2
) (
p30C
9
2,6 − C
9
2,6 + 2p
3
0 − 5
)
Remark 6.1. This is not a solution for µ17,α,β9 if β 6= 0 since D is not a
derivation. Furthermore, all the derivations of h1 are nilpotent.
6.5. If g ∈ {µ18,α,β9 , µ
19,α
9 , µ
23,α
9 , µ
24,α
9 } then D as in (6.1) is a derivation
with k = 5, d1 = 1. In this case taking p0 = t we have,
p4,2 = −
1
2
(p0 − 1) p
5
0C
9
2,7
p5,2 = −
1
3
(p0 − 1) p
6
0C
9
2,6
p6,2 =
1
8
(p0 − 1) p
6
0
(
p0
(
C92,7
)2
− 2p0C
9
20,4 −
(
C92,7
)2
− 2p0
)
p7,2 =
1
30
(p0 − 1) p
7
0
(
−6p0C
9
2,4 + 5p0C
9
2,6C
9
2,7 − 5C
9
2,6C
9
2,7
)
p8,2 = −
1
144
(p0 − 1) p
7
0
(
3p20
(
C92,7
)3
− 6p0
(
C92,7
)3
− 18p20C
9
2,7 + 42p0C
9
2,7+
−18p20C
9
20,4C
9
2,7 + 18p0C
9
20,4C
9
2,7 − 8p
2
0
(
C92,6
)2
+ 8p0
(
C92,6
)2
+ 3
(
C92,7
)3)
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6.6. Other cases. We can solve two more special cases where h = h1, but
in this case (6.1) is not a derivation; hence we have to construct the solution
gt for these cases. Let g = µ
6,α
9 then D as in (6.1) is a derivation with t = p
2
0.
D =


1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 0 0 5 0 0 0 0
0 0 0 0 6 0 0 0
0 0 0 0 0 7 0 0
0 0 0 0 0 0 8 0
0 0 0 0 0 0 0 9


and
gt =


p0 0 0 0 0 0 0 0 0
0 p20 0 0 0 0 0 0 0
0 0 p30 0 0 0 0 0 0
0 0 0 p40 0 0 0 0 0
0 0 0 0 p50 0 0 0 0
0 0 0 0 0 p60 0 0 0
0 0 0 0 0 0 p70 0 0
0 −
p20(p
4
0−1)
6 0 0 0 0 0 p
8
0 0
0 0 −
p30(p
4
0−1)
6 0 0 0 0 0 p
9
0


Let g = µ7,α9 . Consider the derivation on h1:
D =


1 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 0 4 0 0 0 0 0
0 −α3 0 5 0 0 0 0
0 −1 −α3 0 6 0 0 0
0 −α
2
18 −1 −
α
3 0 7 0 0
0 0 −α
2
18 −1 −
α
3 0 8 0
0 − 6α(3−5α)324 0 −
α2
18 −1 −
α
3 0 9


taking t = p20 we can find a solution of (2.2) given by,
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gt =


p0 0 0 0 0 0 0 0 0
0 p20 0 0 0 0 0 0 0
0 0 p30 0 0 0 0 0 0
0 p4,2 0 p
4
0 0 0 0 0 0
0 p5,2 p5,3 0 p
5
0 0 0 0 0
0 p6,2 p6,3 p6,4 0 p
6
0 0 0 0
0 p7,2 p7,3 p7,4 p7,5 0 p
7
0 0 0
0 p8,2 p8,3 p8,4 p8,5 p8,6 0 p
8
0 0
0 0 p9,3 p9,4 p9,5 p9,6 p9,7 0 p
9
0


where
p4,2 = −
1
6
a(p0 − 1)p
2
0(p0 + 1)
p5,2 = −
1
3
(p0 − 1)p
3
0(p0 + 1)
p5,3 = −
1
6
a(p0 − 1)p
3
0(p0 + 1)
p6,2 = −
1
36
a(a+ 3)(p0 − 1)p
2
0(p0 + 1)
p6,3 = −
1
3
(p0 − 1)p
4
0(p0 + 1)
p6,4 = −
1
6
a(p0 − 1)p
4
0(p0 + 1)
p7,2 =
1
90
(p0 − 1)p
3
0(p0 + 1)
(
5ap20 − 5a− 18
)
p7,3 = −
1
36
a(a+ 3)(p0 − 1)p
3
0(p0 + 1)
p7,4 = −
1
3
(p0 − 1)p
5
0(p0 + 1)
p7,5 = −
1
6
a(p0 − 1)p
5
0(p0 + 1)
p8,2 =
1
648
(p0 − 1)
2p20(p0 + 1)
2
(
p20a
3 + 2a3 + 10p20a
2 + 14a2 − 6p20a− 12a+ 36p
2
0
)
p8,3 =
1
90
(p0 − 1)p
4
0(p0 + 1)
(
5ap20 − 5a− 18
)
p8,4 = −
1
36
a(a+ 3)(p0 − 1)p
4
0(p0 + 1)
p8,5 = −
1
3
(p0 − 1)p
6
0(p0 + 1)
p8,6 = −
1
6
a(p0 − 1)p
6
0(p0 + 1)
p9,3 =
1
648
(p0 − 1)
2p30(p0 + 1)
2
(
p20a
3 + 2a3 + 10p20a
2 + 14a2 − 6p20a− 12a+ 36p
2
0
)
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p9,4 =
1
90
(p0 − 1)p
5
0(p0 + 1)
(
5ap20 − 5a− 18
)
p9,5 = −
1
36
a(a+ 3)(p0 − 1)p
5
0(p0 + 1)
p9,6 = −
1
3
(p0 − 1)p
7
0(p0 + 1)
p9,7 = −
1
6
a(p0 − 1)p
7
0(p0 + 1)
7. Case h = h2
Let h2 the Lie ideal with basis B2 = {X2,X3,X4, . . . ,X9}. Suppose that
there exist a derivation of h2 with transformation matrix D relative to the
basis B2 given by,
(7.1) D =


d1,1 0 0 0 0 0 0 0
d2,1 d2,2 0 0 0 0 0 0
d3,1 d3,2 d3,3 0 0 0 0 0
d4,1 d4,2 d4,3 d4,4 0 0 0 0
d5,1 d5,2 d5,3 d5,4 d5,5 0 0 0
d6,1 d6,2 d6,3 d6,4 d6,5 d6,6 0 0
d7,1 d7,2 d7,3 d7,4 d7,5 d7,6 d7,7 0
d8,1 d8,2 d8,3 d8,4 d8,5 d8,6 d8,7 d8,8


such that di,i 6= dj,j, if i 6= j. If such D exists, consider the following
linear map on g with transformation matrix relative to the basis B given by,
(7.2) gt =


t
0 td1,1
0 p3,2 t
d2,2
0 p4,2 p4,3 t
d3,3
0 p5,2 p5,3 p5,4 t
d4,4
0 p6,2 p6,3 p6,4 p6,5 t
d5,5
0 p7,2 p7,3 p7,4 p7,5 p7,6 t
d6,6
0 p8,2 p8,3 p8,4 p8,5 p8,6 p8,7 t
d7,7
0 p9,2 p9,3 p9,4 p9,5 p9,6 p9,7 p9,8 t
d8,8


Clearly gt ∈ GL9 for all t 6= 0. We would like to find a solution of (2.1)
with these D and gt. Thus, we have to determine each value of pi,j. Write
µ1(gt(Xi), gt(Xj))− gt · µt(Xi,Xj) =
9∑
l=1
q(i, j, l)Xl
.
By the definitions of gt and D, the subspace 〈Xi,Xi+1, . . . ,X9〉 is gt-
invariant and also D-invariant if i ≥ 2. Thus by (4.1) q(i, j, l) = 0 if i+j > 9
or l < i+ j.
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For 1 < s < r we have,
q(1, r, s) = −t(dr−1,r−1 − ds−1,s−1)pr,s + t dr−1,s−1(pr,r − ps,s) + (pr,s+1 − t pr−1,s)+
+
r−1∑
i=s+1
t (di−1,s−1 pr,i − dr−1,i−1 pi,s)
In particular,
q(1, s+1, s) = −t(ds+1,s+1−ds,s)ps+1,s+t ds,s−1(ps+1,s+1−ps,s)+(ps+1,s+1−t ps,s)
Since we know the values of the derivation D and the diagonal of gt, and
since ds,s 6= ds+1,s+1, if q(1, s + 1, s) = 0 we have:
(7.3)
ps+1,s = Y (s+ 1, s)
(
t ds,s−1(ps+1,s+1 − ps,s) + (ps+1,s+1 − t ps,s)
)
= ps+1,s+1(1 + t ds,s−1)Y (s+ 1, s) + ps,s t(1 + ds,s−1)Y (s, s+ 1)
where
(7.4) Y (i, j) =
1
t(di−1,i−1 − dj−1,j−1)
.
Recursively, if pi,j have been defined for all i, j with i− j < r− s we have,
(7.5)
pr,s = t dr−1,s−1(pr,r − ps,s)Y (r, s) + (pr,s+1 − t pr−1,s)Y (r, s)+
+
r−1∑
i=s+1
t (di−1,s−1 pr,i − dr−1,i−1 pi,s)Y (r, s)
In order to solve this recurrence explicitly we need to introduce some
notation.
Let k ≥ 2 and positive integers r > s. Let Ik be the set of decreasing
integer sequences of length k starting in r and finishing in s .i.e;
Ik(r, s) = {r = a1 > a2 > . . . > ak = s | ai ∈ Z}
For x, y, z such that x > y we define:
fz(x, y) =


t dx−1,y−1 if x− y > 1
t(1 + dx−1,y−1) if z ≤ y = x− 1
(1 + t dx−1,y−1) if z > y = x− 1
For simplification, we denote
Yk(ai, aj) =
{
Y (ai, aj) if i 6= j
Y (ai, ak) if i = j
For ~a = (a1, . . . , ai, . . . , ak) ∈ Ik(s, r) we denote l(~a) = k. For 1 ≤ i ≤ k let:
Fi(~a) = pai,ai

k−1∏
j=1
fai(aj , aj+1)Yk(ai, aj)


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For instance, for ~a = (8, 6, 5, 4, 2) ∈ I5(8, 2)
F3(~a) = p5,5
(
f5(8, 6)f5(6, 5)f5(5, 4)f5(4, 2)Y (5, 8)Y (5, 6)Y (5, 2)Y (5, 4)
)
= p5,5
(t p7,5)
(
t(1 + p5,4)
)
(1 + t p4,3)(t p3,1)
t(d4,4 − d7,7)t(d4,4 − d5,5)t(d4,4 − d1,1)t(d4,4 − d3,3)
= p5,5
p7,5 (1 + p5,4)(1 + t p4,3)p3,1
t(d4,4 − d7,7)(d4,4 − d5,5)(d4,4 − d1,1)(d4,4 − d3,3)
and
F2(~a) = p4,4
p7,5 (1 + p5,4)(1 + p4,3)p3,1
(d4,4 − d7,7)(d3,3 − d5,5)(d3,3 − d4,4)(d3,3 − d1,1)
Proposition 7.1. Let D be a derivation of h2 as in (7.1) and gt ∈ GL9 as
in (7.2). For r > s let Ir,s =
r−s+1∐
k=2
Ik(r, s). If q(1, r, s) = 0 then:
(7.6) pr,s =
∑
~a∈Ir,s
l(~a)∑
i=1
Fi(~a)
Proof. By induction on n = r − s. The case n = 1 follows from (7.3). By
induction, suppose that the formula is valid for all pi,j such that i − j = n.
Let r, s such that r − s = n+ 1. We can rewrite (7.5) in the form,
(7.7)
pr,s = t dr−1,s−1pr,rY (r, s) + t dr−1,s−1ps,sY (s, r)+
+ (1 + t ds,s−1)pr,s+1Y (r, s) + t dr−1,s ps+1,sY (s, r)+
+ t dr−2,s−1 pr,r−1Y (r, s) + t (1 + dr−1,r−2)pr−1,sY (s, r)+
+
r−2∑
l=s+2
t dl−1,s−1 pr,l Y (r, s) + tdr−1,l−1 pl,sY (s, r)
= pr,r fr(r, s)Y (r, s) + ps,sfs(r, s)Y (s, r)+
+ pr,s+1fr(s+ 1, s)Y (r, s) + ps+1,s fs(r, s + 1)Y (s, r)+
+ pr,r−1fr(r − 1, s)Y (r, s) + pr−1,sfs(r, r − 1)Y (s, r)+
+
r−2∑
l=s+2
pr,lfr(l, s)Y (r, s) + pl,sfs(r, l)Y (s, r)
=
r∑
l=s
(
pr,lfr(l, s)Y (r, s) + pl,sfs(r, l)Y (s, r)
)
Let ~a = (a1, a2, . . . , ak) ∈ Ir,s. Then Yk(ai, ai)Yk(ai, a1) = Y (ai, s)Y (ai, r).
Moreover the Yi,j satisfy
Yx,yYx,z = Yx,yYy,z + Yx,zYz,y
14 JOAN FELIPE HERRERA-GRANADA, OSCAR MARQUEZ, AND SONIA VERA
Thus Y (ai, s)Y (ai, r) = Y (ai, s)Y (s, r) + Y (ai, r)Y (r, s). Note also that
fai(r, a2) = fs(r, a2) and fai(ak−1, s) = fr(ak−1, s) for 1 < i < k. These
identities for 1 < i < k implies
Fi(~a) = pai,ai

k−1∏
j=1
fai(aj , aj+1)Yk(ai, aj)


= fs(r, a2) pai,ai

k−1∏
j=2
fai(aj , aj+1)Yk(ai, aj)

Y (s, r)+
+ fr(ak−1, s) pai,ai

k−2∏
j=1
fai(aj , aj+1)Yk(ai, aj)

Y (r, s)
= fs(r, a2)Y (s, r) Fi−1(a2, a3, . . . s) + fr(ak−1, s)Y (r, s)Fi(r, a2, . . . ak−1)
Hence:
k∑
i=1
Fi(~a) = F1(~a) +
k−1∑
i=2
Fi(~a) + Fk(~a)
= fr(ak−1, s)Y (r, s)F1(r, a2, . . . ak−1)+
+ fs(r, a2)Y (s, r)
k−1∑
i=2
Fi−1(a2, a3, . . . s)+
+ fr(ak−1, s)Y (r, s)
k−1∑
i=2
Fi(r, a2, . . . ak−1)+
+ fs(r, a2)Y (s, t)Fk−1(a2, . . . s)
= fr(ak−1, s)Y (s, r)
k−1∑
i=1
Fi(a2, a3, . . . s)+
+ fs(r, a2)Y (r, s)
k−1∑
i=1
Fi(r, a2, . . . ak−1)
Summing over all the decreasing sequences ~a ∈ Ir.s, the first summand by
induction hypothesis will be equal to fr(ak−1, s)Y (s, r) pr,a2 and the second
summand to fs(r, a2)Y (r, s) pak−1,s. Thus the right hand side of (7.6) is∑
~a∈Ir.s
fr(ak−1, s)Y (s, r) pr,a2 + fs(r, a2)Y (r, s) pak−1,s
but this is coincides with the last equality in (7.7) which proves the in-
ductive the inductive step. 
Now, is enough to find D such that q(2, i, l), q(3, i, l), q(4, i, l) are zero.
This can be done computationally using a software. In the following sub-
sections we give the list of each algebra and each derivation D. By the last
proposition, the matrix gy is determined in terms of the coefficients of D.
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7.1. Case g = µ1,α,β9 . For α /∈ {−1, 0, 1,
1
2}
D =


2 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 p3,2 4 0 0 0 0 0
0 0 p4,3 5 0 0 0 0
0 0 p5,3 p5,4 6 0 0 0
0 0 0 0 p6,5 7 0 0
0 0 0 0 p7,5 p7,6 8 0
0 0 0 0 p8,5 p8,6 p8,7 9


where
p3,2 =
2(α− 1)
3α2(2α− 1)
p4,3 =
(α+ 2)
3α2(1− α)
p5,3 =
(α+ 2)(α β − 1)
(α− 1)2α2
p5,4 =
2(α− 1)
3α2(2α− 1)
p6,5 =
α+ 2
3α2
p7,5 =−
(α+ 2)(6α2β − 3αβ − 7α+ 4)
3(α− 1)2α2
p7,6 =
3α2 − 2α+ 2
3α2(1− α)
p8,5 =−
(α+ 2)(5αβ + β − 6)
3(α − 1)2α2
p8,6 =
12α3β − 6α2β − 6α2 + α+ 2
3α2(2α− 1)(1 − α)
p8,7 =
6α2 − 5α+ 2
1− 2α2(2α)
7.2. g = µ4,α,β9 .
D =


2 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0
0 α56 4 0 0 0 0 0
0 124
(
α2 − 4β
)
−
α
24 5 0 0 0 0
0 0 0 α56 6 0 0 0
0 − 43 0
1
8
(
4β − α2
)
α
8 7 0 0
0 0 0 − 124α
(
α2 − 4β
)
α2
24 −
1
24 (7α) 8 0
0 0 0 − 124
(
α2 − 4β
)
β
αβ
24
1
84
(
−3α2 − 14β
)
−
1
56 (13α) 9


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7.3. g = µ89.
D =


2
0 3
0 0 4
0 0 0 5
0 0 0 0 6
0 0 0 0 0 7
0 0 0 0 0 0 8
0 0 0 0 0 −2 0 9


7.4. g = µ10,α,β9 .
D =


3
0 4
0 α
2
−2α+β
α
5
0 0 0 6
0 0 0 α
2
−3α+β
α
7
0 0 0 − (α
3
−5α2−αβ+6α−2β
α
α− 2 8
0 0 0 0 β(α
2
−2α+2β
α2
−
β
α
9
0 0 0 0 0 0 0 11


7.5. g = µ11,α,β9 .
D =


3
0 4
0 α − 1 5
0 0 0 6
0 0 0 α − 2 7
0 0 0 3α− 2β − 2 −1 8
0 0 0 0 2α2 − α −α 9
0 0 0 0 −2α2β 2αβ −2β 11


7.6. g = µ12,α,β9 .
D =


3
0 4
0 −3α− 73 5
0 0 0 6
0 0 0 −3α− 103 7
0 0 0 −5α− 709 +
2
3β −
7
3 8
0 0 0 0 18α2 + 7α 3α 9
0 0 0 0 −18α2β −6αβ −2β 11


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7.7. g = µ20,α,β9 .
D =


3
0 4
0 0 5
0 0 0 6
0 0 0 −α−β
α−2 7
0 0 0 0 − β
α
8
0 0 0 0 β
2
α2
−
β
α
9
0 0 0 0 − β
2
α2
β
α
−1 10


Remark 7.2. The algebras µ1,−1,β9 , µ
1,0,β
9 , µ
1,1,β
9 , µ
1,
1
2 ,β
9 and µ
(α,β)
17 with β 6= 0
doesn’t fix in any our last analysis, in the first case because all the deriva-
tions of h1 are nilpotent, and in the second case because, despite h2 have
semi simple derivations, they have repeated eigenvalues. Thus formula (7.6)
is not valid.
The case µ1,−1,β9 is specially remarkable since neither h1 or h2 have semisim-
ple derivations.
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Appendix:
We give all the explicit values of C9r,s for each non isomorphic filiform Lie
Algebra using the classification in [1].
µi9 C
9
4,5 C
9
3,6 C
9
2,7 C
9
3,5 C
9
2,6 C
9
3,4 C
9
2,5 C
9
2,4 C
9
2,3
1 3α
2
α+2 α−
3α2
α+2
2−5α
α+2 1 -2 β −β 0 0
2 3α
2
α+2 α−
3α2
α+2
2−5α
α+2 0 0 1 -1 0 0
4 8 -4 -3 α -2 α β −β 0 1
5 8 -4 -3 0 0 α −α 0 α
6 8 -4 -3 0 0 0 0 0 1
7 3 -2 0 0 1 α −α 0 0
8 3 -2 0 0 0 1 -1 0 0
10 1 -1 1 1 α− 2 0 β 0 0
11 1 -1 1 1 -1 β α− β 0 0
12 1 -1 1 1 − 73 β α− β 0 0
13 1 -1 1 0 1 0 α 0 0
14 1 -1 1 0 0 0 1 α 0
15 1 -1 1 0 0 0 0 1 0
17 0 0 1 1 -2 β α− β 0 0
18 0 0 α 0 0 1 β − 1 1 0
19 0 0 1 0 0 1 α − 1 0 0
20 0 0 0 1 α− 2 1 β − 1 0 0
21 0 0 0 1 α− 2 0 1 0 0
23 0 0 0 0 1 1 α − 1 0 0
24 0 0 0 0 0 1 α − 1 1 0
26 0 0 α 0 0 0 1 1 β
27 0 0 1 0 0 0 1 0 α
28 0 0 α 0 0 0 0 1 1
29 0 0 1 0 0 0 0 1 0
30 0 0 1 0 0 0 0 0 1
31 0 0 0 0 1 0 1 0 α
32 0 0 0 0 1 0 0 0 1
34 0 0 0 0 0 0 1 0 1
